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This study investigates the microstretch continuum modeling of granular assemblies while accounting
for both the dilatant and rotational degrees of freedom of a macroelement. By introducing the solid vol-
ume fraction and the gyration radius of a granular system, the balance equations of the microstretch con-
tinuum are transformed into a new formulation of evolution equations comprising six variables: the solid
volume fraction, the gyration radius, the velocity ﬁeld, the averaged angular velocity, the rate of gyration
radius, and the internal energy. The bulk microinertia density, the averaged angular velocity, and the
microgyration tensor at a macroscopic point are obtained in terms of discrete physical quantities. The
bulk part and the rotational part of the microgyration tensor are proposed as the two indices to measure
the local dilatancy and local rotation of granular assemblies. It is demonstrated in the numerical simula-
tion that the two indices can be used to identify the shear band evolution in a granular system under a
biaxial compression.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
Rapid advances in material science and technology have made
materials with microstructures more common in widespread use.
As researchers increase their knowledge of the mechanical proper-
ties of thesematerials, the development of thesematerials is contin-
uously accelerated. To date, researchers have not yet established a
complete well mechanical theory for these materials, but several
excellent approaches have been proposed to describe the macro
response of these materials (Cosserat and Cosserat, 1909; Mindlin,
1964;Capriz,1989;Eringen, 1999). Themicrocontinuumﬁeld theory
developed by Eringen and Suhubi (1964) is a good example of this
effort, and researchers have long recognized the need for its applica-
tion to the analysis of granular materials (Goddard, 2005).
Applying the microcontinuum theory to a granular assembly
has become a challenging subject because it involves the problem
of how to specify the continuous ﬁeld quantities of a granular
assembly at a macroscopic point as soon as the assembly is treated
as a microcontinuum. A plausible and well-accepted treatment is
to homogenize discrete quantities over a suitable spatial extent,
called a representative volume element (RVE) or a representative
elementary volume (REV), to produce their continuum counter-
parts. One of the more common paradigms for this discrete-contin-ll rights reserved.
an University, Institute of
Taipei, Taiwan. Tel.: +886 2
hen).uum correspondence is the continuum expression of stress tensor s
in terms of contact forces between grains. This expression in both
static and dynamic conditions is found to be
hsi ¼ 1
DV
X
c
bc  Fc; ð1Þ
where the operator ‘‘” denotes the tensor product, the summa-
tion is over all contacts, i.e., internal and boundary, and the three
quantities DV ; Fc , and bc are the volume of a selected RVE, the
contact force, and the branch vector connecting the centers of
two grains in contact, respectively (Bagi, 1999; Chen and Lan,
2009). Some corresponding formulations between the discrete
quantities of granular assemblies and the microcontinuum ﬁeld
quantities, such as mass density, body force density, body couple
tensor, spin density, total angular momentum density, kinetic en-
ergy density, internal energy density, entropy density, and heat
ﬂux, as well as all the correspondences between the balance
equations in discrete and continuum formulations have been con-
structed (Chen and Lan, 2009). These continuum quantities are as-
signed to a macroscopic point, where the center of mass (COM) of
the grains in an RVE is located. In this sense, a macroscopic point
represents a set of grains within an RVE, i.e., a macroscopic point
has its own internal structure, characterizing the morphology of
grain arrangement within an RVE.
The motion of grains at the macroscopic point of a granular
continuum generates further difﬁculties in microcontinuum mod-
eling. As a ﬁrst approximation, internal structure evolution can
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of which can be coupled with each other by specifying a suitable
stress–strian-rate relation. The concept of dilatant motion can be
traced back by Reynolds (1885), who proposed the concept of
dilatancy and delineated the volume change of granular materi-
als according to the change in arrangement of its discrete grains.
Goodman and Cowin (1972) developed a continuum theory for
these materials by viewing the solid volume fraction as an inter-
nal variable and introducing the balance equation of ‘‘equili-
brated force” to account for changes in pore space. Under the
framework of micromechanics, the macroscopic dilatancy rate
of granular assemblies can be calculated in terms of contact
quantities for different packings (Bashir and Goddard, 1991; Kru-
yt and Rothenburg, 2004). In addition to the dilatant degree of
freedom, particle rotation is important when a granular assembly
is subjected to shear forces. This necessitates the introduction of
the rotational degree of freedom and leads to a vast number of
studies on the micropolar continuum modeling of granular mate-
rials (Ehlers and Volk, 1998; Alshibli et al., 2006). Due to the fact
that (i) the dilatant motion is caused by grain rearrangement,
which in turn comes from grain slide or grain rotation, and (ii)
even an applied shear force can induce a volume change for a
granular material, a continuum theory without a description of
both dilatant and rotational effects might not be a satisfactory
tool to model the behavior of these materials.
A previous study has shown that the Goodman–Cowin’s phe-
nomenological theory for granular materials is closely related to
the microdilatation continuum theory, in which only dilatant de-
gree of freedom is taking into account (Chen and Lan, 2008). In
order to include both dilatant and rotational effects at a macro-
scopic point, a more general microstretch continuum theory is
employed in this study to analyze the response of granular
assemblies. When using the microstretch theory to analyze the
behavior of granular assemblies, a gyration radius, characterizing
the size of an RVE, plays the role of bulk microinertia density as
an independent ﬁeld variable. Accounting for the replacements of
the mass density and bulk microinertia density by the solid vol-
ume fraction and the gyration radius, this study transforms the
set of balance equations into a new set of evolution equations,
expressed in terms of the solid volume fraction, the gyration ra-
dius, the velocity ﬁeld, the averaged angular velocity, the rate of
gyration radius, and the internal energy. In this modeling, the
time rate of change of gyration radius divided by this radius
and the rotational part of the microgyration tensor sufﬁciently
delineate the local rates of change in volume and rotation. These
two quantities are evaluated and used as indices to analyze the
time evolution of shear band (Rowe, 1962) in the subsequent
numerical study of biaxial compression tests.
In the past, many studies have been dedicated to various
shear band issues due to their importance in the stability of
granular materials. These results agree on the conclusions that
(i) the void ratio inside the shear band is greater than the max-
imum global void ratio (Oda et al., 1998; Alshibli and Sture,
1999); (ii) the signiﬁcant particle rolling inside the shear band
is observed (Oda and Iwashita, 1999); (iii) the shear band thick-
ness is found to be of the order of only several particle diameters
(Mühlhaus and Vardoulakis, 1987; Ehlers et al., 2003); and (iv)
the shear band inclination is closely related to the conﬁning
pressure and mean particle size (Han and Drescher, 1993). Be-
cause the microstretch modeling approach in this study places
the dilatant and rotational degrees of freedom on the same foot-
ing, it is able to investigate the localization features of the shear
band simultaneously using the two indices mentioned above. Our
analysis obtains the discrete formulation of the two indices,
numerically compares their evolutions, and discusses the size ef-
fect of an RVE on these indices.2. Brief review of a microstretch continuum
This section brieﬂy summarizes the Eringen’s microcontinuum
ﬁeld theory, and gives a comparison with a closely related thermo-
dynamic theory for continua with microstructure.
2.1. One of the subclasses of an Eringen’s microcontinuum
A material body B in the microcontinuum theory is a collection
of deformable particles fPg (Eringen, 1999). A particleP is called a
macroelement DB, with mass density q, volume DV , and surface
element DAðDBÞ in the current conﬁguration. Let the unit normal
vector of the surface element DAðDBÞ be denoted by nDAðDBÞ . Within
a macroelement there are many microelements, having mass den-
sity q0, volume element dV 0, and surface element dA0 such that
DV ¼ RDB dV 0 and qDV ¼ RDB q0 dV 0. The position vector of a micro-
element in a macroelement is given by ðxþ nÞ, where x is the posi-
tion vector of the macroelement’s COM C and n is the position
vector of this microelement relative to C. The use of mass-center
coordinate speciﬁes the relationZ
DB
q0ndV 0 ¼ 0; ð2Þ
which states that the ﬁrst moment of inertia with respect to the
point x in the macroelement DB vanishes, i.e., the COM of DB
agrees with the position of the macro point.
The kinematics of a macroelement DB (or a deformable particle
Pðx; nÞ) can be characterized by the macromotion, X! x ¼ x^ðX; tÞ,
and the micromotion, N! n ¼ n^ðX;N; tÞ, where X and N are the cor-
responding vectors x and n in the reference conﬁguration. These
two motions can be mathematically determined in terms of the
deformation gradient F and the deformable director v, which are
deﬁned by
dx ¼ F  dX; n ¼ v  N: ð3Þ
Note that the explicit expressions of the two-point tensors,
Fð¼ @x=@XÞ and v, are FiJei  EJ and viJei  EJ , where fe1; e2; e3g
and fE1;E2;E3g are the base vectors in the current and reference
conﬁgurations, respectively. Moreover, the deformable director
vðX; tÞ is assumed to be independent of N and its Jacobian is denoted
by jð¼ det½v > 0Þ.
The material time derivatives of F and v are related to the veloc-
ity gradient tensor L and the microgyration tensor m through the
relations
_F ¼ L  F; _v ¼ m  v; ð4Þ
from which we are led to
_n ¼ m  n; _j ¼ j tr½m; ð5Þ
with the trace operator ‘‘tr”. The assumption that v is independent
of N further implies that the microgyration tensor m is also indepen-
dent of N, indicating that every microelement in a macroelement
owns the same gyration.
According to the different numbers of degrees of freedom
(DOFs) for a deformable macroelement, a microcontinuum can be
categorized into seven subclasses: micromorphic (9 DOFs), incom-
pressible micromorphic (8 DOFs), microstrain (6 DOFs), incom-
pressible microstrain (5 DOFs), microstretch (4 DOFs), micropolar
(3 DOFs), and microdilatation (1 DOF) (Forest and Sievert, 2006;
Chen and Lan, 2008). These DOFs represent the straining, dilatancy,
and rotational motions of a macroelement, and note that the trans-
lational motion is not taken into account. For a microstretch con-
tinuum, possessing one DOF for isotropic dilatation and three
DOFs for rotation of a macroelement, its deformable director and
the microgyration tensor can be written as
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2
e  mA; ð6Þ
where I is the second order unit tensor and e is the permutation
tensor. The bulk motion is described by the two scalar quantities
v and m, and the rotational motion is delineated by the
microrotation tensor r and the microgyration vector mA. With
the help of Eq. (6), Eq. (4)2 can be separated into _v ¼ mv and
_r ¼ 12mA  r.
One of the suitable sets of strain measure for a microstretch
continuum contains the deformation tensor C^, the bulk microde-
formation C, the wryness vector C, and the wryness tensor CA,
which are deﬁned as
C^ ¼ v1FT  rT ; C ¼ v2; C ¼ v1rv  F; CA ¼ e : ðrT  rrÞ  F:
ð7Þ
Their component forms are bCKL ¼ v1FiKr1iL ; C ¼ v2;CK ¼ v1
v;kFkK ;C
A
KL ¼ eKIJriIriJ;kFkL, respectively. Here, the operator ‘‘T” denotes
the transpose and the operator ‘‘:” represents the double contrac-
tion such that for two arbitrary tensors a and b, we have
a : b ¼ aijkl...bijmn..., with aijkl... and bijmn... being the components of a
and b. The material time derivatives of these strain measures are
associated to their corresponding kinematic velocity-type variables
a; c; b, and bA given by
a ¼ ðrv  mIþ 1
2
e  mAÞT ; c ¼ m; b ¼ rm; bA ¼ rmA; ð8Þ
through the relations
_bCKL ¼ v1xk;KaklrTlL ; _C ¼ 2v2c; _CK ¼ bkxk;K ; _CAKL ¼ rkKbAklxl;L:
ð9Þ
Note that these kinematic velocity-type variables are all objective
quantities.
For a microcontinuum the concept of mass conservation can be
realized in two different ways. In the ﬁrst common way, mass con-
servation is interpreted in a macroscopic sense such that the total
mass of a deformable control-mass element with volume Dx3, con-
taining lots of macroscopic points around the point x, is conserved
in the course of time. The second mass conservation should be
understood in a microscopic sense that mass conservation is satis-
ﬁed for a deformable microelement. The two mass balances can be
mathematically formulated in terms of the evolution equations for
the mass density q and the microinertia tensor i, the latter of
which plays a similar role as the moment of inertia for a rigid body
and is given by
qiDV ¼
Z
DB
q0n ndV 0: ð10Þ
The evolution equations of the two variables, q and i, are easily ob-
tained by employing the concepts of balances of mass and microin-
ertia, which lead to
_qþ qr  v ¼ 0; ð11Þ
_i m  i i  mT ¼ 0; ð12Þ
with the velocity ﬁeld v. Eq. (12) can be further separated into
_i ¼ 2im; and _iS ¼ 2miS; ð13Þ
where we have used i ¼ iIþ iS, with tr½iS ¼ 0.
In addition to mass and microinertia balances, other balance
equations of a microstretch continuum for linear momentum, bulk
momentum moment, angular momentum, and internal energy are
respectively formulated as (Eringen, 1999)qðf _vÞþrs¼0; ð14Þ
qðl/Þþrmþ1
3
s : I sR¼0; ð15Þ
qðlA/AÞþrmAþs :e¼0; ð16Þ
q _U3sRm3m  ðrmÞ1
2
mA :rmAsT : ðrvÞmIþ1
2
e mA
 
¼0; ð17Þ
where U is the internal energy density and sR is termed the bulk
microstress. In this set of equations, the stress tensor s, the bulk
couple stress vector m, the couple stress tensor mA, the body force
density f, the bulk body couple density l, the body couple force den-
sity lA, the bulk spin inertia /, and the spin inertia density /A are
speciﬁed at the COM of a macroelement DBwith the position vector
x. They are deﬁned by
nDAðDBÞ  s ¼
1
jDAðDBÞj
Z
DAðDBÞ
tðnnÞ
0
dA0; ð18Þ
3nDAðDBÞ m ¼
1
jDAðDBÞj
Z
DAðDBÞ
n  tðnnÞ0 dA0; ð19Þ
nDAðDBÞ mA ¼
1
jDAðDBÞj
Z
DAðDBÞ
n tðnnÞ0 dA0; ð20Þ
and
f ¼ 1
qDV
Z
DB
q0f 0 dV 0; ð21Þ
3l ¼ 1
qDV
Z
DB
q0n  f 0 dV 0; lA ¼ 1
qDV
Z
DB
q0n f 0 dV 0; ð22Þ
3/ ¼ 1
qDV
Z
DB
q0n  €ndV 0; /A ¼ 1
qDV
Z
DB
q0n €ndV 0: ð23Þ2.2. Comparison with the Giovine’s model
Different from the Eringen’s microcontinuum model, several
continuum theories of materials with microstructure have been
proposed in the past, among which the Giovine’s mathematical
model (Giovine, 2008) for a dilatant granular material with rotat-
ing grains is closely related to the present work. The Giovine’s
model is based on the following balance equations for material
bodies with afﬁne microstructure (Capriz, 1989; Mariano, 2002)
_qþ qr  v ¼ 0; ð24Þ
cþr  s ¼ 0; ð25Þ
C Zþr  R ¼ 0; ð26Þ
e  s ¼ e  ðG  ZT þrG RÞ; ð27Þ
q _U ¼ s : L þ Z : V þ R...rV; ð28Þ
which represent the balance of mass, linear momentum, micromo-
mentum, angular momentum, and mechanical energy, respectively.
In the above equations, the thermal effect is not taken into account,
and c is the external bulk force per unit volume; C is the external
bulk interaction on the microstructure; Z is the internal self-force;
R is the third-order microstress tensor; G is the tensor ﬁeld describ-
ing the changes in the afﬁne structure; L is the velocity gradient;
Vð¼ _GÞ is the microvelocity; the operators ‘‘” and ‘‘...” stand for
the double and triple contractions such that ðrG RÞij ¼ GiK;lRjKl
and R..
.rV ¼ RiKlV iK;l. A dilatant granular material with rotating
grains in the Giovine’s model is treated as a continuum with a con-
strained afﬁne microstructure. This constraint condition is de-
scribed by the two formulations for the microstructural tensor
ﬁeld G and the reference microinertia tensor J (Capriz and Podio-
Guidugli, 1981):
G ¼ bR and J ¼ l2I; ð29Þ
Table 1
Correspondences between the G model and the E model.
G model GiK ViK Wik GiKCjK GiKZjK þ GiK;lRjKl GiKRjKl Jik
E model viK _viK mik qlji þ q/ji sij  sij Mlji iik
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Euler’s microinertia tensor J is related to J through J ¼ G  J  GT ,
from which it follows the kinematical relation:
_J ¼ J WT þW  J; ð30Þ
where W is the wrenching tensor, given by
W ¼ _G  G1 ¼ _bb1Iþ _R  RT : ð31Þ
After a detailed scrutiny of the Giovine’s (G) model and the Erin-
gen’s (E) model, the relation between the two models can be estab-
lished by introducing a minus sign to the left hand side of Eq. (27)
and by showing the corresponding macroscopic quantities of these
two models, as in Table 1. With such a corresponding relation, ﬁrst,
we can combine Eqs. (26) and (27), which leads to the balance
equation of momentum moment in the E model. Second, Eq. (28)
can also be reduced to the balance equation of internal energy in
the E model. Third, the kinematic relation (30) can be transformed
to the balance equation of microinertia (12). In addition, since the
wrenching tensor W corresponds to the microgyration tensor (6)2,
the bulk part m and the rotational part mA in the E model, which are
the focuses in the ensuing study for exploring the dilatant and
rotational effects in the granular media, play the roles of _bb1
and e : ð _R  RTÞ in the G model. Even if the two models are equiva-
lent from a macroscopic viewpoint, we adopt the E model in this
study due to the fact that the balance equations in the E model
have been veriﬁed to be derivable within the molecular or atomic
framework such that the macroscopic quantities associated with
the microstructure in continua can be constructed by means of sta-
tistical averaging (Oevel and Schröter, 1981; Chen and Lee, 2003a;
Chen and Lee, 2003b).
3. Microstretch description of dry granular materials
When the microstretch continuum (MSC) theory is directly ap-
plied to the modeling of granular materials, the ﬁrst issue is to
search for the two types of mass elements of different length scales
in these materials, i.e., the macroelement and microelement in the
MSC theory. This can be done through the treatment: (i) viewing a
macroelement as the mass element within the space of an RVE in a
reference conﬁguration; and (ii) conceptually dividing every gran-
ular particle into several small pieces and treating each piece,
called a microscopic mass element (MME), as a microelement. To
have a well MSC description of granular materials, the two length
scales of the introduced RVE and MME satisfy the condition
kM 	 kP < kR < kB;
where kM; kP ; kR, and kB stand for the characteristic lengths of an
MME, of a granular particle, of an RVE, and of the granular body,
respectively (Chen, 2008).
In our modeling, a macroelement in the current conﬁguration is
treated as a macroscopic point with the position x, which is the
macroelement’s COM. The position vectors n’s of MMEs, character-
izing the internal structure of a macroelement, are measured from
the macroelement’s COM. Let the mass of a macroelement with
volume DV be DM, and the total mass and total volume of all solid
MMEs within the macroelement be DMS and DVS. Since a macroel-
ement in a granular material is composed of solid MMEs and voids,
we haveDM ¼ DMS þ DMV ; DV ¼ DVS þ DVV ;
where DMV and DVV represent the mass and volume of voids in a
macroelement. In general, DMV can be negligible when the voids
are ﬁlled with air, which yields DM ¼ DMS. Furthermore, this so-
lid-void character allows the mass density q of a granular contin-
uum at the point x to be
qðx; tÞ ¼ DMS
DV
¼ 1
DV
Z
DB
q0ðx; n; tÞdV 0 ¼ cw; ð32Þ
where the true mass density c of granular solid particles and the so-
lid volume fraction w at the point x are given by
cðx; tÞ ¼ DMS
DVS
; wðx; tÞ ¼ DVS
DV
: ð33Þ
As far as the rigidity condition for granular solid particles is con-
cerned, which implies that _c ¼ 0 and ð _DVSÞ ¼ 0, we obtain
_w ¼  w
DV
 
ð _DVÞ or ð
_DVÞ
DV
¼ 
_w
w
; ð34Þ
by taking the material time derivative of w. This equation manifests
that the change of solid volume fraction is contributed by the vol-
ume change of the whole macroelement, which comes from the
rearrangement of particles in the macroelement. Eq. (34) further
indicates that the volume dilatation rate ð _DVÞ=DV is directly related
to _w=w. From the viewpoint of the microcontinuum ﬁeld theory, the
rate of change of a microelement volume is expressed by
ð _dV 0Þ ¼ ð_j=jÞdV 0; ð35Þ
which is equivalent to the relation for the rate of change of a mac-
roscopic material element volume dx3, i.e., ð _dx3Þ ¼ ð_J=JÞdx3 with the
Jacobian of motion J for dx3. Because the deformable director v is
independent of n, which also implies the jacobian j is not a function
of n, the integration of Eq. (35) over a macroelement volume pro-
duces the relation for the material time derivative of a macroele-
ment volume:
ð _DVÞ ¼ ð_j=jÞDV : ð36Þ
Inserting Eq. (34)2 into Eq. (36) and using Eq. (6)2, (11) and (32)
generates
m ¼ 
_w
3w
¼  1
3cw
ð _cwÞ ¼ 1
3
r  v; ð37Þ
which expresses that the volumetric deformations in macro and mi-
cro scales are compatible in this microstretch modeling of granular
materials.
In addition, the micro-volumetric motion is associated with the
bulk part of the microinertia density tensor, which is given by
3i ¼ tr½i ¼ 1
DMS
Z
DB
q0jnj2dV 0: ð38Þ
This can be simpliﬁed to
3i ¼ R2; ð39Þ
if one introduces a gyration radius R of a macroelement as
ðDMSÞR2 ¼
Z
DB
q0jnj2dV 0: ð40Þ
The introduced gyration radius R helps to reformulate the balance
equations of microinertia, bulk momentum moment, and internal
energy for microstretch continua as follows:
(i) Microinertia balance equation:
With the aid of Eq. (39) the microinertia balance equation (12)
turns out to be
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3
Rr  v ¼ 0: ð41Þ
(ii) Bulk momentum moment balance equation:
If we decompose the stress tensor s as the bulk part sI, the devi-
atoric part sS, and the antisymmetric part sA, the balance equation
(15) for bulk momentum moment becomes
cwR€Rþ 3s 3sR þr  ðRhÞ þ cwRf ¼ 0; ð42Þ
where we have set
3l ¼ Rf and 3m ¼ Rh: ð43Þ
In addition, the bulk spin inertia density / in Eq. (23)1 is replaced by
R€R owing to the identities
/ ¼ 1
3
R2ð _mþ m2Þ and €R ¼ _Rmþ R _m ¼ Rð _mþ m2Þ; ð44Þ
which are readily obtained from Eqs. (40) and (41).
(iii) Internal energy balance equation:
With the help of Eqs. (41) and (43), the three terms in the inter-
nal equation balance equation (17) can be reformulated as
3sRm 3smþ 3m  rm ¼ ½3ðsR  sÞ  h  rR
_R
R
þ h  r _R
¼ cwg _Rþ h  r _R; ð45Þ
where
cwgR ¼ 3ðsR  sÞ  h  rR: ð46Þ
The introduced quantity g helps transform the bulk momentum
moment equation (42) into
€Rþ g  f  1
cw
r  h ¼ 0; ð47Þ
and the internal energy equation into
cw _U ¼ sT : rv þ 1
2
mA : rmA  1
2
ðe : sÞ  mA  cwg _Rþ h  r _R: ð48Þ
Moreover, the angular momentum balance equation (16)can be
expressed by the evolution equation of the averaged angular veloc-
ity gA, which is given by
gA ¼ 1
qDV
Z
DB
q0n _ndV 0; ð49Þ
because qDV and q0 dV 0 are independent of time such that the spin
inertia density /A in Eq. (23)2 can be written as the material time
derivative of gA.
To summarize the above discussion on the ﬁeld equations for
MSC-type granular solids, this study lists in Table 2 the six funda-
mental balance laws in terms of the time evolutions of the six ﬁeld
quantities ðw;R;v; gA; _R;UÞ. In these equations ðf; lA; f Þ are external
sources, and ðs;h; g;mAÞ can be determined by the constitutive
relations: sij ¼ cwv1FiK @bU
@bCKL rjL; hi ¼ cwR FiK @bU@cK ; cwgR ¼ 2cwv2 @bU@C
3s hkR;k, and mAij ¼ qFiK @bU@cALK
 
rjL. The internal energy equationTable 2
Field equations for MSC-type granular solids.
Balance laws Corresponding ﬁeld equations
Mass _wþ wr  v ¼ 0
Microinertia _R 13Rr  v ¼ 0
Linear momentum cw _v ¼ r  sT þ cwf
Angular momentum cw _gA ¼ cwlA þr mA þ sR : e
Bulk momentum moment cwð€Rþ g  f Þ  r  h ¼ 0
Energy cw _U ¼ sT : ðrv  12 e  mAÞ þ 12mA : rmA  cwg _Rþ h  r _Rmanifests that ðsT ;mA;cwg;hÞ can be viewed as the four general-
ized forces corresponding to the four generalized velocities
ððrv  e  mAÞ;rmA; _R;r _RÞ.4. Numerical simulation of biaxial compression tests
The microstretch continuum modeling of a granular assembly
provides a tool to detect the local dilatancy and local rotation by
evaluating themicrogyration ﬁeld. This study conducts a numerical
analysis by adopting the two-dimensional discrete elementmethod
(Cundall and Strack, 1979) to identify the shear bands, which can
develop inside a granular bodywhile it is subjected to biaxial defor-
mation. A recent report reveals that the four indices, namely, the lo-
cal shear intensity, the angular velocity of grains, the coordination
number, and the local void ratio, can be used to describe the evolu-
tion of shear bands (Fazekas et al., 2006). In addition to the four indi-
ces, the current study proposes two other indices: the dilatant and
rotational parts of themicrogyration tensor.Moreover, the inﬂuence
of RVE size on this tensorial quantity is also taken into account.
4.1. Discrete element method
The discrete element method (DEM) treats a granular assembly
as a composition of discrete granular units, and presents the time
evolution of these units by applying the explicit time integration
method and the linear contact model to the mathematical forma-
tion of Newton’s second law. Various units of granular particles
have been used in the development of the DEM including the ellip-
soidal element (Ng and Dobry, 1992), composite spherical element
(Powrie et al., 2005), and polygonal element (Tran and Nelson,
1996). The present simulation adopts the composite spherical ele-
ments as the granular units, and the total number of these units is
6160. Each composite spherical element is theoretically composed
of a large ball with radius rL and two small balls with radius rS. As
Fig. 1(a) shows, the two small balls are rigidly connected to the
large ball, and the distance between the large and small balls is
rL. The angle h between the two lines connecting the large and
small balls is randomly speciﬁed within the range from hmin to p,
where hmin is an angle where the two small balls touch each other.
The granular assembly is conﬁned within a biaxial box of height
H and widthW. The mechanical properties of balls are described by
the normal elastic stiffness kn, tangential elastic stiffness ks, friction
coefﬁcient lc , normal damping ratio bn, and tangential damping ra-
tio bs. We choose these parameters in this simulation as
H=rL ¼ 240; W=rL ¼ 120; kn=ks ¼ 10; lc ¼ 0:3, and bn ¼ bs ¼
0:35. A uniform pressure sc is applied to the sideward boundary
surface, which is represented by a membrane. This membrane
can be simulated by a contact bonding treatment, which models
the membrane as a chain of contact balls whose diameter is as-
sumed to be rS=4. Let the contact point between two adjacent chain
balls be called the nodal point, and let the distance between the
two nodal points adjacent to the chain ball j be Dj. The pressure
sc on the membrane is equivalent to various concentrated forces
applied to the chain balls. For example, Fig. 1(b) illustrates that
the force Fj acting on the center of the chain ball j is given by
scDj and its direction is perpendicular to the line connecting the
two nodal points. A force FT is applied to the two sides of the chain,
and the balls on both sides of the chain can be added or removed to
compensate for changes in the length of chain. Moreover, the up-
ward and downward boundary surfaces are assumed to be rigid
plane surfaces that move toward each other with a controlled con-
stant velocity. Fig. 1(c) schematically displays the contact forces
between any two contact balls in this simulation. Each contact
force is the resultant force of the radial and tangential contact
forces, which are respectively determined by knDun and ksDus, with
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mal and tangential direction. Moreover, the thickness of the lines
in Fig. 1(c) indicates the magnitude of the resultant contact force.
Another critical issue for the following analysis is the homoge-
nization treatment, which plays an important role in producing
continuous ﬁeld quantities of granular media from their discrete
counterparts. A related study on the homogenization of contact
forces towards couple stresses in granular media shows that the
amplitude of stress asymmetries strongly depends on the RVE size
(Ehlers et al., 2003). In our microstretch modeling, the determina-
tion of macroscopic ﬁeld quantities requires information on the
RVE size. To determine the inﬂuence of the RVE size on the
microgyration tensor, the present simulation adopts three different
RVE sizes by initially separating the granular system into three
types of rectangular meshes. Note that a mesh represents an
RVE, and a macroelement is a mass-conserved element composed
of those particles whose COMs are within an RVE in the reference
conﬁguration. Fig. 2 illustrates three different mesh sizes. Case (a)
equally divides the x and y dimensions of the granular specimen
into 13 and 25 divisions such that the statistical average of the
number of composite particles in a mesh is 18.67. Analogous to
Case (a), Case (b) considers 19 37 meshes where each mesh con-
tains about 8.67 composite particles, and Case (c) considers
25 49 meshes where each has about 5.01 composite particles.4.2. Discrete formulation of the microstretch ﬁeld quantities for DEM
simulation
When microstretch modeling is applied to the simulated gran-
ular system, the discrete formulations of the bulk microinertiaLr
Sr
0 0cF
j c jF
F
(a) (b
Fig. 1. From left to right: (a) a composite spherical element is viewed as a composition
pressure is simulated by a series of forces acting on the centers of those chain balls; (c)
resultant force of the radial and tangential contact forces, and the thickness of the lines
(a) (b)
Fig. 2. Three cases of mesh size in our simulation. The granular system of 6160 composi
particles in a mesh; (b) 19 37 meshes, each contains 8.67 particles; (c) 25 49 meshes,density i and the averaged angular velocity gA in Eqs. (38) and
(49) can be expressed as
i ¼ 1
3DMS
X
ðkÞ
Z
DBðkÞ
q0 dV 0jnðkÞj2; ð50Þ
gA ¼ 1
DMS
X
ðkÞ
Z
DBðkÞ
q0 dV 0ðnðkÞ  _nðkÞÞ; ð51Þ
which are obtained by taking the summation of the related quanti-
ties over all composite particles in the macroelement. Here, DBðkÞ
and nðkÞ denote the domain of the kth composite particle in the mac-
roelement, and the position vector measured from the macroele-
ment’s COM to an MME with volume dV 0 in the composite
particle. Recalling that an MME represents a microscopic mass ele-
ment in a macroelement.
By introducing the geometric relation nðkÞ ¼ rðkÞ þ fðkÞ in Fig. 3,
where rðkÞ and fðkÞ are respectively the two position vectors mea-
sured from the macroelement’s COM to the kth composite parti-
cle’s COM and from the k-th composite particle’s COM to an
MME, Eqs. (50) and (51) become
i ¼ 1
3DMS
X
ðkÞ
ðDmðkÞjrðkÞj2 þ IðkÞÞ; ð52Þ
gA ¼ 1
DMS
X
ðkÞ
DmðkÞðrðkÞ  _rðkÞ þ fðkÞ  _fðkÞÞ: ð53Þ
Here DmðkÞ and IðkÞ are the mass of the kth composite particle and
the second moment of inertia of the kth composite particle with re-
spect to its COM. This derivation makes use of the conditionsR
DBðkÞ q
0 dV 0 fðkÞ ¼ 0 and RDBðkÞ q0 dV 0 _fðkÞ ¼ 0, which come from the cen-j
0
T
(c))
of a large ball with radius rL and two small balls with radius rS; (b) the conﬁning
schematic contact forces between every two contact balls. Each contact force is the
indicates the magnitude of the resultant force.
(c)
te particles is divided into (a) 13 25 meshes. In average there are 18.67 composite
each contains 5.01 particles. The volume ratios of the three meshes are 3.77:1.74:1.
( )k
( )k
( )kr
x
x COM
Fig. 3. A schematic macroelement in the simulated granular specimen, and the geometric relation for rðkÞ; nðkÞ , and fðkÞ within the macroelement. The three position vectors
are respectively the kth composite particle’s COM relative to the macroelement’s COM, an MME relative to the macroelement’s COM, and an MME relative to the kth
composite particle’s COM, respectively.
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(53), the bulk part and the rotational part of the microgyration ten-
sor in a two-dimensional (xy-plane) simulation can be obtained as
m ¼
_i
2i
; mAz ¼
2gAz
3i
¼ 2
3iDMS
X
ðkÞ
ðIðkÞxðkÞ þ DmðkÞrðkÞ  _rðkÞÞ  z^; ð54Þ
where z^ is the unit base vector in the z-direction. In obtaining Eq.
(54)2, the assumption of rigid composite particles has been made
to request _fðkÞ ¼ xðkÞ  fðkÞ, where xðkÞ is the angular velocity of the
kth composite particle with respect to its COM. Based on Eq.
(54)2, it should be emphasized that the rotational part of the
microgyration tensor is composed of the two contributions from
the grain spinning and from the rotation of grains relative to the
macroelement’s COM. For a subsequent analysis of the inﬂuences
of these two contributions on the evolution of shear bands, we split
the mAz into mA1 and mA2, where mA1 ¼ ð2=3iDMSÞ
P
ðkÞI
ðkÞ
xðkÞ  z^ and
mA2 ¼ ð2=3iDMSÞ
P
ðkÞDm
ðkÞðrðkÞ  _rðkÞÞ  z^.
4.3. Biaxial compression simulation
To test the performance of MSC modeling, the following seven
tasks are executed. Much attention is paid to the discussion on
recording the evolution of shear bands by using the microgyration
tensor m, whose unit is s1.
4.3.1. Overall stress–strain response in the simulation
To check the simulation code and present the qualitative coher-
ence with other numerical studies, the ﬁrst simulation presents the
overall stress–strain response for various conﬁning pressures sc , as
shown in Fig. 4(a). The overall normal stress syy and the axial strain
eyy in this ﬁgure are respectively obtained in terms of the force on
the upper boundary and the length change of the specimen in the y
direction. Under a constantly applied axial compression rate
_eyy ¼ 1480 s1, large ﬂuctuation and strain softening of the stress–
strain curve occur after the stress increases up to a plateau. In
the compression precess, we record the positions of all outside
chain balls to calculate the total volume of the granular specimen
V 0s at any time t
0, from which it follows the total volumetric strain
eV ¼ ðV 0s  VsÞ=Vs, with the initial volume of the specimen Vs.
Fig. 4(b) shows that in the beginning, the total volumetric strain
decreases until it reaches a minimum value, and then it increases.
This increase is attributed to the large relative movement between
grains, and leads to the development of shear bands (strain locali-
zation) in the specimen. Moreover, a larger conﬁning pressure sc
delays this increase, and more speciﬁcally, a higher conﬁning pres-
sure is able to delay the development of shear bands (Alshibli et al.,
2003).4.3.2. Accumulated displacement and microgyration ﬁelds
To describe the formation and evolution of shear bands, this
study records the time evolution of both indices – the nondimen-
sional bulk part and the rotational part of the microgyration tensor,
i.e.,
m ¼ m
_eyy
; mAz ¼
mAz
_eyy
; ð55Þ
where the values of m and mAz are evaluated by Eq. (54). Fig. 5 dis-
plays the granular specimen, the accumulated displacement ﬁeld,
the m ﬁeld, and the mAz ﬁeld for the mesh size in Case (b) of
Fig. 2, where the axial strain eyy is 6.5% and the conﬁning pressure
sc is 200 kPa. Corresponding to the accumulated displacement ﬁeld,
the shear band is clearly identiﬁed by the m and mAz ﬁelds, which
exhibit their local maximum or minimum near the bands. Note fur-
ther that the magnitudes of both ﬁelds share the same order, which
reveals that there are not only the rotational motion but also the
dilatant motion of the macroscopic points being signiﬁcantly gener-
ated near the shear bands.4.3.3. Inﬂuence of the RVE size on the microgyration ﬁelds
When using the smaller or larger mesh sizes illustrated in Cases
(a) and (b) of Fig. 2, we evaluate the values of the m and mAz ﬁelds
along the lines AA0 and BB0 for eyy ¼ 6:5% and sc ¼ 200kPa. Fig. 6
illustrates the positions of the lines AA0 and BB0, which parallel
the y-direction and maintain the distances of 0.5 and 0.25 W from
the lefthand boundary of the specimen, withW being the specimen
width. This ﬁgure indicates that, for the volume ratios for Cases (a),
(b), and (c), i.e., 3.77:1.74:1, the magnitude of the two ﬁelds seems
to decrease as the mesh size increases, and a large ﬂuctuation is in-
duced when the mesh size decreases. In addition, the values of
both ﬁelds on a line might provide information on the shear band
thickness.4.3.4. Evolution of the microgyration ﬁelds recorded along a vertical
line
This study also records the evolutions of the m and mAz ﬁelds at
the points on the lines AA0 in the process of axial compression. For
the condition of sc ¼ 200 kPa and the mesh size in Case (b) of Figs.
2 and 7(a) and (b) show that both of the m and mAz ﬁelds deviate
from their zeros at points near the shear band as the axial strain
increases. In other word, a stronger dilatant motion and a stronger
rotational motion can be observed near the band. Note that the
ﬁeld intensities are distinguished by the gray levels of the mono-
chrome image. Fig. 7 also shows that the two time-rate ﬁeld
quantities, m and mAz , both of which clearly deviated from zero at
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Fig. 4. (a) Overall stress–strain response and (b) relation between volumetric strain and axial strain of the granular specimen for different conﬁning pressures. In our
simulation the global strain rate is ﬁxed at _eyy ¼ 1480 s1.
Fig. 5. Granular specimen, accumulated displacement ﬁeld, m ﬁeld, and mAz ﬁeld at axial strain eyy ¼ 6:5% and conﬁning pressure sc ¼ 200 kPa. The last two ﬁelds are
obtained from Eq. (55) based on the mesh size in Case (b) of Fig. 2.
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Fig. 6. Inﬂuence of mesh sizes on the m and mAz ﬁelds at the points along the lines AA
0 and BB0 when eyy ¼ 6:5% and sc ¼ 200 kPa. In this specimen with H=W ¼ 2, the distance
between the line AA0ðBB0Þ and the lefthand boundary of the specimen is 0:5 W ð0:25 WÞ. Note that the ratio of the RVE size for Cases (a), (b), and (c) is 3.77:1.74:1.
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location.
4.3.5. Evolution of the probability distributions for the microgyration
ﬁelds
To analyze the evolution of ﬁeld intensities for m and mAz from
another viewpoint, we divide the granular specimen into
703ð19 37Þmeshes (Case (b) in Fig. 2) and evaluate the two ﬁeldsat each mesh. Totaling the 703 values of each ﬁeld for every incre-
mental change in axial strain yields the evolutions of the probabil-
ity distributions shown in Fig. 8. This illustrates the probability of
ﬁnding a speciﬁc value of m or mAz at a single mesh. Here, the prob-
ability value is also distinguished by the gray levels of the mono-
chrome image. Fig. 8(a) and (b) respectively displays the
evolutions of the probability distributions for m and mAz for the
condition sc ¼ 50 kPa, and Fig. 8(c) and (d) is the corresponding
3890 K.-C. Chen et al. / International Journal of Solids and Structures 46 (2009) 3882–3893ﬁgure for Fig. 8(a) and (b) for the condition sc ¼ 200 kPa. Note that
(i) the values of m and mAz are close to zero for most meshes; (ii)
the meshes in the specimen are more likely to be expanded than
to be compressed because the dilatant index m is likely to be posi-
tive; (iii) the meshes are equally inclined to positive rotation and
negative rotation due to the approximately symmetric probability
distribution for the rotational index mAz ; and (iv) the increase in
conﬁning pressure causes a delay in changing m and mAz in the
course of the axial-strain increase.Axial Strain (%)
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probability of ﬁnding a speciﬁc value of m or mAz at a single mesh is also shown by the4.3.6. Evolutions of total rotation and spins of grains
As mentioned in the previous subsection, the rotational part of
the microgyration tensor, mAz , contains mA1, associated with the spins
of grains, and mA2, characterized the rotation of grains relative to the
macroelement’s COM. We record the evolution of mA1 and mAz at the
two points b1 and b2 on the line BB
0 indicated in Fig. 6, where the
point b1 is located within the shear band and the point b2 is 0:5H
away from the top boundary of the specimen. It is clear from
Fig. 9 that near the shear band mAz will greatly ﬂuctuate in the0 1 2 3 4 5 6 7 8 9 10 11 12
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utes little to the rotational part of the microgyration tensor in
our MSC modeling, which adopts the RVE treatment to produce
continuum ﬁeld quantities at a macroscopic point. A similar con-
clusion can be also found in Fig. 9(b), where we change the ratio
of normal stiffness to tangential stiffness, kn=ks, from the original
ratio 10 to a new ratio 1. The resulting small mA1 could be attributed
to the selected parameters, such as mesh size, conﬁning pressure,
grain geometry, and friction in our DEM simulation.
4.3.7. Evolution of the bulk part of microinertia
The bulk microinertia density i, playing a role analogous to the
moment of inertia for a rigid body, can be used to characterize
arrangement of particles in a macroelement. On an intuitive basis,
near the shear band the position-dependent i value, which can be
obtained by Eq. (52) should increase, since the particles should ride
over others to generate a strong relative displacement between
particles. This scenario can be veriﬁed by our simulation, where
we also adopt sc ¼ 200 kPa; _eyy ¼ 1480 s1, and the mesh size in Case
(b) of Fig. 2. Because the value of i depends on the chosen mesh
size, we replace i by its nondimensional value i, given by
i ¼ ih w ; ð56Þ
with the help of initial mesh height hð¼ H=37Þ and mesh width
wð¼ W=19Þ. The nondimensional microinertia ﬁeld i is displayed
in Fig. 10, where the four cases represent the moment when the glo-0 2 4 6 8 10 12
(a)
*
A z
 a
nd
 *
A 1
Axial Strain eyy(%)
9.6
-9.6
-19.2
0.0
-28.8
-38.4
Fig. 9. Evolutions of the nondimensional total rotation, mAz , and the nondimensional spin
ratio of normal stiffness to tangential stiffness is 10, i.e., kn=ks ¼ 10, and (b) when kn=ks ¼
within the shear band, and the point b2 is kept away from the shear band. In this simul
Fig. 10. Nondimensional microinertia ﬁeld i for (a) eyy ¼ 2:5%, (b) eyy ¼ 5%, (c) eyy ¼ 7:5%
(b) of Fig. 2. The value i is shown by the gray levels of the monochrome image.bal strain eyy is 2.5%, 5%, 7.5%, and 10%, respectively. It can be seen
from Fig. 10 that the value of i is approximately close to 0.06 all the
time, except at a position near the shear band, where i could in-
crease three times of magnitude as eyy approaches 5%. Moreover,
from Eq. (39) the evolution of the gyration radius,
R ¼ ð3iÞ1=2 ¼ ð3ihwÞ1=2, also shares a trend similar to i that the ra-
dius would increase when the shear band is formed.5. Summary and concluding remarks
This study investigates MSC modeling of a granular assembly,
and accomplishes two main tasks. First, we apply this microstretch
continuum theory to discrete granular solids by introducing the
two ﬁeld variables, namely, the solid volume fraction and the gyra-
tion radius. The necessity of using a microstretch continuummodel
for a granular system is based on the recognition of two facts: (i) in
the continuum description of a discrete granular system, the RVE
concept is inevitably required so that a continuous ﬁeld quantity
at a macroscopic point can be produced from averaging its discrete
counterpart over the RVE, and (ii) the deformation of the internal
structure of a macroscopic point in a granular assembly comprises
a dilatant part and a rotational part. Second, by using the discrete
element method we study the two-dimensional response of a gran-
ular assembly under a biaxial compression to validate this contin-
uum description and evaluate the microgyration tensor from its
discrete counterpart.0 2 4 6 8 10 12
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s of grains, mA1 , at the macroscopic points b1 and b2 for two conditions: (a) when the
1. The location of the two points is indicated in Fig. 6, where the point b1 is situated
ation we adopt sc ¼ 200 kPa and the mesh size in Case (b) of Fig. 2.
, and (d) eyy ¼ 10%while using sc ¼ 200 kPa; _eyy ¼ 1480 s1, and the mesh size in Case
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Fig. 11. Inﬂuence of particle shape on (a) the overall stress–strain response, and (b) the relation between the volumetric strain and the axial strain. Three types of composite
elements: the sysmetric composite element, the random-h composite element, and the round ball element are used in the simulation under the same condition (sc ¼ 200 kPa
and _eyy ¼ 0:025 m=s).
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for granular materials but also provides a useful index, i.e., the
microgyration tensor, to detect the strain localization in these
materials. Finally, we conclude this paper by itemizing the follow-
ing remarks:
(1) The ﬁeld equations for MSC-type granular solids presented
in Table 2 are general such that they are also applicable
to the analysis of MSC-type granular ﬂuids. The applicabil-
ity is due to the fact that these equations are able to be
reduced to the equations in the Goodman–Cowin theory,
which provides a tool for analyzing the behavior of granular
ﬂows.
(2) It is adequate to treat the bulk part and the rotational part of
microgyration tensor, which are rate-type quantities, as
indices for characterizing the evolution of shear bands. Many
studies in the past only paid attention to the importance of
rotational motion near the shear band so that the micropolar
treatment has been frequently adopted to model the
response of granular media. Our DEM simulation demon-
strates that the dilatant motion also plays the same impor-
tant role as the rotational motion in identifying shear bands.
(3) We believe that the micromorphic continuum theory could
provide a more precise continuum description for granular
media (Goddard et al., 2005), since the macroelement’s
deformation involves not only a dilatant part and a rota-
tional part but also a shearing part. This shearing part can
be represented by the deviatoric part of the microgyration
tensor. However, the mathematical complexity arising from
the inclusion of additional degrees of freedom makes a
micromorphic modeling of granular media prohibitively
difﬁcult.
(4) There are little differences between m or mAz when using the
three different mesh sizes due to the small differences in
their volumes. Even so, it can be expected that a larger mesh
size is able to smooth local inhomogeneities. However, an
even larger mesh size will lead to a decreased ﬁeld intensity
near the shear bands.
(5) It can be found from the simulation that shear band location
is signiﬁcantly inﬂuenced by various factors, such as conﬁn-
ing pressure, stiffness ratio, and friction coefﬁcient. Never-
theless, no matter where shear band is generated, the
microgyration tensor in MSC modeling can be used to mea-
sure local inhomogeneity in the granular assembly.
(6) The bulk microinertia tensor i and its related gyration radius
R will obviously increase as shear bands are formed. This
implies that the two quantities may also be used to describe
the evolution of shear bands.(7) To demonstrate that particle shape will inﬂuence the behav-
ior of granular assemblies, we examine the global response
of the specimen by changing the composite element with
random angle h, as shown in Fig. 1(a), to two other elements.
The ﬁrst type of element is a symmetric three-ball element
with ﬁxed h ¼ 180
, and the second is a round ball with
the radius ranging from 0:73rL to 1:45rL. With the same
parameters used in the simulation, Fig. 11 illustrates that
the specimen with the round balls has a lower stress inten-
sity and a lower volume strain. This is due to the fact that
using round balls minimizes the geometric constraint
between two contact elements so that the specimen is sus-
ceptible to deforming. Since this study focuses on ﬁnding
suitable kinematic quantities in MSC modeling to identify
the shear band, a detailed discussion of the inﬂuence of par-
ticle shape and particle size on the microstructural behavior
is left for future study.Acknowledgements
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